Abstract. We analyze possible violations of the Equivalence Principle in scalar-tensor gravity at finite temperature T. Before we present an approach where the Equivalence Principle violation is achieved within the framework of Quantum Field Theory. After, we rely on an alternative approach first proposed by Gasperini, which leads to the same outcome obtained in the framework of Quantum Field Theory (one-loop corrections) at finite T . Finally, we exhibit the application of the above formalism both to a generic diagonal metric, cast in spherical coordinates, and to the Brans-Dicke theory. In the last case, we show that it is possible to put a significant constraint on the free parameter of the theory by means of experimental bounds on the Equivalence Principle.
Introduction
The Equivalence Principle (EP) is one of the cornerstones of Einstein's General Relativity (GR). An example of its meaning can be found in the choice of the Riemannian geometry among all the available mathematical frameworks for the description of the bending of space-time due to gravity [1] . Furthermore, the validity of Equivalence Principle is based on the coincidence of the metric structure and the geodesic structure of the space-time. Its relevance appears also going beyond GR in order to discriminate among competing theories of gravity which one can be regarded as reliable. Moreover, the fact that it can be violated at quantum regime is the evidence that there are still hidden issues to be discovered for a better understanding of EP in the context of quantum mechanics [2] .
The first formulation of EP, also known as the weak equivalence principle (WEP), states that the inertial mass m i and the gravitational mass m g of any physical object are exactly the same. In other words, it is impossible to locally distinguish the effects due to a gravitational field from the non-inertial consequences of a uniformly accelerated motion by means of a free-falling experiment [1] . This awareness entails that it is always possible to locally describe a neighborhood of any folded space-time point with the language of Special Relativity. This is a crucial aspect; indeed, it is not surprising that Einstein himself used to address EP as "the happiest thought of my life".
More generally, WEP can be incorporated in a set of assumptions which goes by the name of Einstein equivalence principle (EEP), which states that:
· WEP holds; · the result of any local non-gravitational test does not depend on the velocity of the free-falling experimental apparatus and on the position and the time in which it is carried out in the Universe.
By "local non-gravitational test" we mean an experiment that takes place in a small region of a free-falling laboratory. However, this implies neglecting the gravitational interactions in the definition of WEP and EEP. In order to account for modified theories of gravity, there is the need to introduce an even more general concept, which includes both the previous principles in a suitable limit. Such a requirement results in the strong equivalence principle (SEP), whose assumptions claim:
· WEP is valid for self-gravitating bodies as well as for test bodies; · the result of any local test does not depend on the velocity of the free-falling experimental apparatus and on the position and the time in which it is carried out in the Universe.
Clearly, SEP reduces to EEP in the limit of vanishing gravitational field. In this work, our considerations are devoted to the WEP, not only in the context of GR, but also for scalar-tensor gravity which is a particular case of Extended Theories of Gravity (for a review, see Ref. [3] , for applications Ref. [4] ). For all the key points of the upcoming analysis, the role of temperature T turns out to be crucial. Indeed, at zero temperature, EP still holds, because the contributions to m i and m g that allow m g /m i = 1 vanish as T → 0. This result can be achieved by invoking two different approaches, which will be compared in the next sections. Thanks to one of them, the study can be generalized for any given metric with little effort, whereas the other one requires the evaluation of radiative corrections by Quantum Field Theory (QFT) techniques.
The paper is organized as follows: in Sec. II we briefly review some aspects of scalar-tensor gravity as particular cases of Extended Theories of Gravity. Sec. III is devoted to the investigation of EP violation in the context of QFT at finite temperature, whereas, in Sec. IV, the same outcome is produced by virtue of a different analysis, where the attention is focused on the modification of the geodesic equation in the case of Schwarzschild solution. With this formalism, we show that it is possible to extend the discussion to other physical environments, in which space-time can be described also by generic Extended Theories of Gravity. Sec. VI is devoted to conclusion and discussions.
Throughout the whole paper, we use the natural units c = = 1 and the mostly-negative metric signature diag(+, −, −, −).
Extended Theories of Gravity
Extended Theories of Ggravity are extensions of GR where geometry couples to some scalar field and/or to higherorder curvature invariants. Such corrections can appear in the Hilbert-Einstein action. Combinations of scalar fields and higher order invariants emerge in effective Lagrangians, producing mixed higher order/scalar-tensor gravity. As discussed in details in [3] , the paradigm is recovering GR at a certain regime so that we are dealing with extensions of GR and not with alternatives of GR 1 . Scalar-tensor gravity and f (R) gravity are the straightforward extensions of GR. Differently from scalar-tensor models, f (R) gravity does not require the introduction of further fields for the description of gravity but it is a straightforward generalization of the Hilbert-Einstein action where non-linear terms in the Ricci scalar R are considered. It is worth noticing that f (R) gravity can be considered under the standard of scalar-tensor theories [3, 5] . In fact, taking into account conformal transformations, it is easy to see that results holding for scalar-tensor gravity can be easily recast for f (R) gravity. With this consideration in mind, in what follows, we will consider only the Brans-Dicke case.
Scalar-tensor gravity
Let us consider the action [7] 
where ϕ J is the scalar field, γ and ω J are constants and ψ contains the contribution of matter fields. We immediately note that:
J g µν ∂ µ ϕ J ∂ ν ϕ J can be correctly interpreted as the kinetic contribution related to the scalar field;
· ϕ γ J R is a non-minimal coupling term; · the Lagrangian density L matter depends not only on the matter fields, but in principle, also on the scalar field.
The above expression describes a conspicuous number of models, according to the free parameters of the model. However, we are mainly concerned with the one developed by Brans and Dicke [8] , which is examined in detail as follows.
Brans-Dicke gravity
Let us introduce the Brans-Dicke action [8] , which is similar to the one showed in Eq. (1), but with several differences:
In Eq. (2), the matter Lagrangian density does not depend on the scalar field and γ = 1. This is crucial, because it means that ω is the only parameter of the theory. Moreover, it is clear that:
and such a result is traduced in the introduction of a new "effective" gravitational constant that has to be identified with the scalar field. This consideration requires some restrictions. In particular, it is essential that ϕ is spatially uniform, and it must vary slowly with cosmic time. If these characteristics are not possessed by ϕ, the theory cannot be consistent with experimental data, since they clearly support the presence of a gravitational constant that enters field equations as GR predicts. On the other hand, experiments may put a constraint on the only free parameter of the theory, namely ω. In this sense, the Brans-Dicke gravity is genuinely an Extended Theory of Gravity which extends results of GR to be more "Machian" [3] . Field equations derived from Eq. (2) are given by:
that can be obtained by means of a variation with respect to g µν , and:
deduced by a variation with respect to ϕ, where ζ −2 = 6 + 4 ω and T = g µν T µν . The symbol clearly denotes the D'Alembert operator. In Eq. (4), T µν and T ϕ µν are extracted by varying L matter and the kinetic term of S BD , respectively. As expected, field equations for the metric tensor becomes the ones derived by GR in the limit ϕ = const = 1/16πG.
If a static and isotropic solution is now sought, it is possible to find an expression for the line element [9] :
where:
with α 0 , β 0 , B, C and λ being constants that can be connected to the free parameter of the theory ω. Since it is a scalar-tensor theory, a solution for ϕ must also be found; in the considered case, the outcome turns out to be:
where ϕ 0 is another constant.
Equivalence principle violation via quantum field theory
There exists an extremely elegant way to treat EP violation in a QFT and GR framework [10] (for modified gravity, see for example Refs. [11] and Ref. [12] for the generalized uncertainty principle). The system we want to study consists of an electron with mass m 0 (the renormalized mass of the particle when the temperature is zero) in thermal equilibrium with a photon heat bath. The aim of the analysis is the evaluation of electron's gravitational and inertial mass in the low-temperature limit (namely, T ≪ m 0 ). The presence of a non-zero temperature is fundamental, since calculations clearly show that m g = m i for T = 0. The gravitational and inertial masses are derived by adopting a Foldy-Wouthuysen transformation [13] on the Dirac equation. Such a procedure gives the opportunity to study the non-relativistic limit of particles with spin 1 2 (i.e. electrons). In other words, it is possible to derive a Schrödinger equation in which the expression for the mass is easily recognizable.
In order to find a proper expression for m i , one can imagine to switch an electric field on, so that the Dirac equation which includes the electromagnetic interaction turns out to be:
In Eq. (9), α is the fine-structure constant, as usual ✁ p = γ µ p µ , with γ µ being the Dirac matrices, A µ is the electromagnetic four-potential, namely A µ = (φ, A), where φ is the scalar potential and A the vector potential and the quantity I µ is defined as
with k µ = (k 0 , k) and where ω p and p are connected by:
In Eq. (10), n B (k) represents the Bose-Einstein distribution:
where β = 1/k B T , with k B being the Boltzmann constant. Finally, Γ µ is:
At this point, a Foldy-Wouthuysen transformation converts Eq. (9) into a Schrödinger equation, which reads:
from which one extracts the inertial mass:
We immediately notice that the difference between the inertial mass of an electron at finite temperature and m 0 is due exclusively to the thermal radiative correction of Eq. (15) . An analogous reasoning can be performed also for the gravitational mass, which can be derived in the same way, but starting from a different Dirac equation that takes into account the gravitational interaction. In a similar circumstance, one can write:
where a weak gravitational field is considered (the fluctuation with respect to the background metric are defined by h µν ) and with τ µν being the renormalized stress-energy tensor. In the previous expression, following Refs. [10] , it is assumed h µν = 2 φ g diag (1, 1, 1, 1) , where φ g is a gravitational potential.
Once again, a Foldy-Wouthuysen transformation yields another Schrödinger equation:
from which the identification of the gravitational mass is an easy task:
Such an outcome implies that there is no difference at all between m g and m i at zero temperature, because they both equal the renormalized mass. This means that only radiative corrections render the violation of the equivalence principle feasible.
At this point, it is straightforward to check that Eqs. (15) and (18) give:
in the first-order approximation in T 2 , legitimated by the choice of evaluating the low-temperature limit of the analyzed quantum system. The last expression is a direct consequence of the fact that Lorentz invariance of the finite temperature vacuum is broken, which means that it is possible to define an absolute motion through the vacuum (i.e. the one at rest with the heat bath).
Eq. (19) is the core of our argumentation that will be developed below. The central result is the violation of EP, achievable by means of QFT at finite temperature. Regarding this point, the question arises whether T can be inserted into GR with the aim to reproduce the same outcome bypassing radiative correction computations. If this proposal is viable, it should be possible to develop similar calculations for several physical frames describing different space-times.
Equivalence principle violation via modified geodesic equation
Considering if Eq. (19) can be derived involving exclusively GR properties is the aim of this section. The derivation exhibited below closely follows the original one contained in Ref. [14] .
Let us study the aforementioned procedure to reach Eq. (19) once again, but from a different path. The starting point is the analysis of a charged test particle of renormalized mass at zero temperature m 0 in thermal equilibrium with a photon heat bath in the low-temperature limit T ≪ m 0 . Hence, the dispersion relation is modified by an additional term [10] :
which can be easily identified with the first-order correction in T 2 that descends from the finite temperature analysis. At this point, let us introduce the stress-energy tensor T µν related to the test particle, whose world line can be contained in a narrow "world tube" in which T µν is non-vanishing. The conservation equation for the stress-energy tensor can be integrated over a three-dimensional hyper-surface Σ and defined as:
where p µ is the four-momentum and E = p 0 the energy, given by:
These equations hold in the limit where the world tube radius goes to zero [17] . A more accurate study [10] gives the term that should be viewed as the source of gravity at finite temperature and in weak-field approximation, which, in the rest frame of the heat bath, turns out to be:
where Ξ µν contains not only the information on the Einstein tensor G µν , but also thermal corrections to it. Eq. (23) is explicitly derived after the choice of the privileged reference frame at rest with the heat bath, and this fact produces a Lorentz invariance violation of the finite temperature vacuum. In fact, in the flat tangent space, one cannot consider a Minkowski vacuum anymore, since it is substituted by a thermal bath. For this reason, Lorentz group is no longer the symmetry group of the local tangent space to the Riemannian manifold, even though general covariance still holds there. The last consideration allows us to proceed with the awareness that the current situation is slightly different from the usual GR scheme.
However, since the analyzed case deals with weak-field approximation and quadratic thermal corrections in lowtemperature limit, the generalization of Eq. (23) to a curved space-time can be:
where e µ0 denotes the vierbein field and the hatted indexes are the ones related to the flat tangent space.
Another fundamental assumption has be made to proceed further: effects of temperature on geometry have not to be taken into account [14] . If the last assertion holds, it is possible to write the Einstein field equations as:
otherwise other contributions would arise from a relativistic investigation on temperature (because also T would have an influence on space-time structure), but for our purposes they can be safely neglected. If now we employ the Bianchi identity (namely, ∇ ν G µν = 0), it is straightforward to check that:
which can be rewritten as:
By denoting .
x µ ≡ dx µ /ds, it can be shown [14] that Eq. (27) is equal to:
..
which can be cast into another form by using the fact that:
This substitution finally gives:
mE − e µ0 ..
Eq. (30) represents a generalization of the geodesic equation to the case in which the temperature is non-vanishing.
Application to the Schwarzschild metric
We are ready to analyze Eq. (30) in the context of the Schwarzschild solution. To this aim, we can write the metric tensor as:
Moreover, let us recall that ∂ t φ = 0 and let us assume that only radial motion is considered ( 
In addition, we report the expression of the non-vanishing Christoffel symbols:
where ν = ln (1 − 2φ) and ν ′ = dν/dr. The geodesic equation for µ = 0 is:
but if one recalls that E = m
t e ν/2 , Eq. (34) can be once again manipulated to obtain:
and since
r, the final relation for the temporal part will be:
The radial contribution can be computed involving Eq. (30) for µ = 1:
which can be reformulated in a different fashion:
Eqs. (36) and (38) . r 2 which can be adopted to find the desired outcome.
In fact, Eq. (38) can be cast in the form:
The previous expression can be written as:
which implies:
The constant can be determined from the condition of normalization on four-velocity in the limit φ → 0. Such a requirement is possible due to the hypothesis made above, namely the independence of the geometric structure of temperature. Hence, normalization of
µ .
or explicitly: e λ . r 2 − e ν .
because angles are fixed quantities. In the limit of vanishing gravitational field (namely, ν, λ → 0 as r → ∞), Eq. (43) reduces to:
Such an expression clearly fits also Eq. (41), and thus we have:
At this point, let us invoke the weak-field approximation. Within this regime and by virtue of Eq. (45), it is immediate to find that Eq. (38) results modified as:
and if one considers the first-order approximation in T 2 just like in QFT considerations, the outcome is:
which is exactly Eq. (19) . With the last result, the equivalence between the QFT approach and the one formulated in Ref. [14] has been clarified, even though they differ in some aspects. However, both of the two investigations base their development on a finite-temperature analysis, that enables the emergence of the radiative correction in the ratio m g /m i .
As anticipated in the previous section, the modified geodesic equation is a general result, and, as such, it can be applied to any physical system; the only quantity, required for the calculations, is the metric tensor.
Application to a generic diagonal metric
In what follows, we derive a general prescription to extract a key relation in the most general situation of a diagonal metric tensor written in spherical coordinates, whose terms depend exclusively on the modulus of r. In other words, we can apply this method whenever g µν can be cast as:
As usual, Christoffel symbols and vierbein fields must be expressed in order to reach the desired outcome: 
As before, we shall assume
ϕ = 0. The first expression to be analyzed is related to the temporal coordinate:
but since E = m (50) can be rewritten as follows:
or equivalently:
which returns Eq. (36) with the choice A = e ν . The radial equation is instead given by:
or:
which exactly yields Eq. (38) with the proper values of A and B. Let us consider Eqs. (52) and (54) to determine the unknown quantities. From the first relation, it is easy to see that: d ds ln
and hence:
For what concerns the radial equation, it can be noticed that all contributions can be written in terms of a total derivative, as in the previous case of the Schwarzschild geometry:
The solution of the above equation (assuming the same normalization condition as before) is:
which is the generalization of Eq. (45). The above expression can be reformulated as:
Finally, the insertion of Eqs. (56) and (59) into Eq. (54) gives:
Eq. (60) represents the final point for the current analysis, which fits any metric tensor that is diagonal, written in spherical coordinate system and whose components have only a dependence on r.
Application to the Brans-Dicke case
Before applying of the above formalism to the spherical metric derived from the Brans-Dicke theory, let us remind some basic properties. The physical quantities that we need are the Christoffel symbols and the tetrads, which once again are easy to calculate being g µν diagonal (see Eq. (6)):
Explicit formulas for u and v are:
where it is clear that the information related to ω is hidden in the constants, whereas the mass of the gravitational source is contained in the parameter B.
After this digression, it is possible to evaluate the temporal differential equation:
Being E = m . t e v/2 , the previous relation can be reformulated as:
which is formally equal to the expression obtained for Schwarzschild, but in this case v has a different meaning. The radial equation is similar to Eq. (38):
If u ′ = −v ′ one exactly obtains the above results of the Schwarzschild solution. However, this is not the final expression for the Brans-Dicke case. In fact, Eq. (67) can be further simplified adopting the same method that leads to Eq. (45) in the previous section. Here, the situation is similar, and thus:
Neglecting higher-order terms with respect to ϕ would exclude interesting contributions to the ratio m g /m i . Hence, another way to simplify Eq. (67) r are the quantities that should be explicitly expressed, since their evolution has not been determined yet. However, this turns out to be easy by virtue of Eqs. (65) and (68). Indeed, the first one tells that:
but it is evident that
t , and for this reason the differential equation can be immediately solved:
Thanks to Eq. (70), it is possible to find an expression also for . r 2 :
.
and with these two expressions, Eq. (67) can be rewritten as:
Nevertheless, the above-mentioned quantities are not so easy to handle within this framework, since their expression is rather convoluted. However, a further step can link u ′ with v ′ starting from Eq. (63). One then has:
With these definitions, the Brans-Dicke constants appear in Eq. (72). Such a statement is non-trivial, because the shift between gravitational and inertial mass will depend on ω.
Apart from the previous prediction, it can be easily observed that:
and as a consequence:
Two crucial aspects must be highlighted before proceding. We want to stress that Eq. (75) can be directly obtained by the most general one, Eq. (60), with the substitution A (r) = e v and B (r) = e −u , as expected. The other remark is related to the fact that scalar-tensor theories do not possess only one fundamental field. For this reason, in principle, there should be another contribution in Eq. (75) that takes into account the presence of the stress-energy tensor related to the scalar field ϕ. However, the influence of T on ϕ has not been considered here.
Going back to Eq. (75), one can observe that there is not only the radiative correction to the ratio m g /m i , but also another contribution which exclusively depends on ω and that correctly vanishes in the limit ω → ∞, that is when GR is recovered. Moreover, the evaluation of the second quantity of Eq. (75) represents an important opportunity to put a lower bound to the parameter of the Brans-Dicke theory. In fact, if one imposes that |(m g − m i )/m i | < 10 −14 [18] and studies the factor (e −v − 1) (λB/r − C) in the first-order approximation in φ g casting radiative corrections aside momentarily, it is possible to easily constrain ω. In order to perform that, we need the quantities of the Brans-Dicke theory to be written in terms of the free parameter of the model and in the weak-field limit [9, 19] :
It is easy to put B in terms of φ g :
and to expand the function e −v :
Since we neglect higher-order terms of φ g , the examined factor is simply:
and thus from 2φ g /(2 + ω) < 10 −14 , we get:
which is the final expression for the lower bound of the Brans-Dicke parameter in the weak-field approximation. A similar result is easy to achieve only if weak-field approximation is performed, otherwise the complete dependence of constants λ and C with respect to ω would have been more difficult to handle. For instance, let us consider the gravitational field of the Earth by recalling that M ⊕ = 5.97 · 10 24 Kg; R ⊕ = 6.37 · 10 6 m. It is immediate to achieve:
that is similar to a bound recently experimentally obtained [15] , which gives ω > 3 · 10 5 . For the sake of completeness, it is useful to look at a table that contains a prediction of the most reliable bounds for ω [16] . Table 1 . This table includes expected outcomes of experimental observations, in addition to a known bound deduced by the probe Cassini through the analysis of the Solar System.
Discussion and Conclusions
In this paper, we have analyzed the EP violation triggered by the presence of a non-vanishing temperature. We have briefly summarized the procedure that firstly led to such an outcome by adopting QFT techniques. After that, we have shown how the same result can be achieved without relying on loop computations, but rather focusing the attention on the modification of the geodesic equation for T = 0. With this simplified treatment, it is possible to study not only the space-time described by the Schwarzschild solution in GR, but also other physical environments, even the ones arising from Extended Theories of Gravity. In this perspective, the Brans-Dicke theory has been examined, and we have highlighted the possibility to put a constraint on the free parameter of this model by resorting to the current data related to the EP. In particular, we want to recall the result of Eq. (81), which directly depends on the ratio of the gravitational and inertial mass, as it could be seen in Eq. (80), where the factor 10 14 is an immediate consequence of the statement |(m g − m i )/m i | < 10 −14 . If experiments were able to reach an even higher precision, i.e. 10 −17 [20] , one would have ω > 2 φ g · 10 17 , instead of Eq. (80). As a consequence, the lower bound on ω for the Earth would be ω > 1.40 · 10 8 , which far exceeds the expected outcomes exposed in Table 1 .
The above approach is applicable to any framework embedded in a curved background 2 , and (as already remarked) can be adopted for any Extended Theory of Gravity. As in the case of Brans-Dicke, in principle it can be possible to use the current data on EP to put considerable bounds on the free parameters of the aforementioned gravitational models. In this sense, such a formalism is similar to recent works in which the Casimir-like systems are employed to extract useful information on the free quantities of Extended Theories of Gravity [22] .
Finally, it must be stressed that the validity of the EP violation, obtained via the modified geodesic equation, is restricted by the requirement of dealing with a weak gravitational field. Indeed, all the derivation based on Ref. [14] is centered on this limit, beyond which the approach fails to be valid. In order to look at physical scenarios in the presence of strong gravity (in this direction, there is already an interesting work involving the Unruh and Hawking effects [23] ), it is necessary either to use a full QFT treatment or to generalize the arguments presented above.
